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We present an exact solution of a modifed Dirac equation for topological insulator in the presence
of a hole or vacancy to demonstrate that vacancies may induce bound states in the band gap of
topological insulators. They arise due to the Z2 classification of time-reversal invariant insulators,
thus are also topologically-protected like the edge states in the quantum spin Hall effect and the
surface states in three-dimensional topological insulators. Coexistence of the in-gap bound states and
the edge or surface states in topological insulators suggests that imperfections may affect transport
properties of topological insulators via additional bound states near the system boundary.
PACS numbers: 73.20.-r, 73.20.Hb, 74.43.-f
Topological insulators are narrow-band semiconduc-
tors with band inversion generated by strong spin-orbit
coupling [1]. They are distinguished from the ordinary
band insulators according to the Z2 invariant classifica-
tion of the gapped band insulators due to the time re-
versal symmetry. The variation of the Z2 invariant at
their boundaries will lead to the topologically protected
edge or surface states with the gapless Dirac energy
spectrum[2–7]. Imperfections, such as impurity, vacancy,
and disorder, are inevitably present in topological insu-
lators. Owing to the time-reversal symmetry, an exciting
feature of topological insulator is that its boundary states
are expected to be topologically protected against weak
non-magnetic impurities or disorders[8, 9]. This provoked
much interest on the single impurity problem on the sur-
face of a topological insulator, starting with gapless Dirac
model[10–14]. However, reminding that the boundary
state is only a manifestation of the topological nature of
bulk bands, it should also start with the examination of
the host bulk to know how the imperfections affect the
electronic structure. It is well known that single impurity
or defect can induce bound states in many systems, such
as in the Yu-Shiba state in s-wave superconductor[15, 16]
and in d-wave superconductors[17]. Topological defects
were discussed in the B-phase of 3He superfluid[18] and
topological insulators and superconductors [19]. Here we
report that bound states can form around a single va-
cancy in the bulk energy gap of topological insulators.
These bound states are found to have the same origin
as boundary states due to the Z2 classification, thus are
also topologically protected.
The formation of the topological bound states can be
readily illustrated by reviewing the quantum spin Hall
effect in two-dimensional (2D) topological insulators[20–
22], in which strong spin-orbit coupling twists the bulk
conduction and valence bands, leading to a nontrivial Z2
index. As the Z2 varies across the edge, edge states arise
in the gap with the gapless Dirac dispersion. Unlike the
quantum Hall effect in a magnetic field, spin-orbit cou-
pling preserves the time reversal symmetry, so the result-
FIG. 1: Schematic description of the formation of vacancy-
induced in-gap bound states in two-dimensional topological
insulators. [(a) and (b)] A pair of helical edge states traveling
along the edge of a 2D topological insulator with the gapless
Dirac dispersion. [(c) and (d)] When the edge is bent into
a hole, the helical edge states evolve to circulate around the
hole. [(e) and (f)] The circulating edge states may develop
into topologically-protected bound states as the hole shrinks
into a point or being replaced by a vacancy. The same physics
is expected to happen in one and three dimensions.
ing edge states appear in helical pairs, in which one state
is the time-reversal counterpart of the other, propagating
along opposite directions and with opposite spins (Fig.
1). Now imagine that the system edge is rolled into a
hole, the edge states will circulate around the hole as
the periodic boundary condition along the propagating
direction remains unchanged. While shrinking its radius
of the hole, most of the edge states will be expelled into
the bulk bands as the energy separation of the states be-
comes larger and larger, and it is found that at least two
degenerate pairs of the states will be trapped to form the
bound states in the gap while the hole will evolve into
a point defect. This mechanism of the formation of the
bound states can be realized in topological insulator in
all the dimensions.
2We will employ a modified Dirac model to provide a
unified description of topological insulators in various di-
mensions
H0 = vp · α+
(
mv2 −Bp2)β. (1)
The modification comes from the quadratic correction in
momentum−Bp2 to the band gapmv2. pi = −i~∂i is the
momentum operator (i ∈ {x, y, z}), p2 = p2x + p2y + p2z, v
and m have the dimension of the speed and mass, respec-
tively. B has the dimension of m−1. The Dirac matri-
ces satisfy the anticommutation relations αiαj = −αjαi
(i 6= j), aiβ = −βαi and α2i = β2 = 1. One represen-
tation of the Dirac matrices in three spatial dimensions
can be expressed as a set of 4× 4 matrices
αi = σx ⊗ σi, β = σz ⊗ σ0, (2)
where σi=x,y,z are the Pauli matrices, σ0 is the 2×2 unit
matrix, and ⊗ represents the Kronecker product. This
modified Dirac Hamiltonian preserves the time reversal
symmetry ΘˆH0Θˆ
−1 = H0 under the time reversal oper-
ation Θˆ = −iαxαzKˆ, where Kˆ is the complex conjugate
operator. This equation has the identical mathematical
structure as the effective models for the quantum spin
Hall effect and 3D topological insulator[21, 23–25]. It be-
comes topologically non-trivial ifmB > 0, while topolog-
ically trivial if mB < 0 according to the Z2 classification
of insulators[26, 27]. Due to the bulk-boundary corre-
spondence [28, 29], there always exist topologically pro-
tected boundary states at the open boundaries of a topo-
logical insulator, where the Z2 invariant changes from
nontrivial to trivial. This feature can be well described
by the modified Dirac model when mB > 0. Starting
from this modified Dirac model, we are now ready to
explore existence of the in-gap bound states induced by
a single vacancy by presenting an exact solution of the
modified Dirac model.
In two dimension (pz = 0) the equation can be reduced
into two independent 2× 2 hamiltonians
h± = (mv
2 −Bp2)σz + ~v(pxσx ± pyσy), (3)
with h− the time-reversal counterpart of h+, which was
already studied in the HgTe quantum well[21], and in
the thin films of Bi2Se3[24, 25]. It is convenient to adopt
polar coordinates (x, y) = r(cosϕ, sinϕ) in two dimen-
sions. Here these equations are solved under the va-
cancy boundary conditions [Fig. 2(a)], i.e., the center
of the 2D topological insulator is punched with a hole
of radius R, thus the wavefunction is required to vanish
at r = R and r = +∞. Due to the rotational sym-
metry, the z-component of the total angular momentum
jz = −i~∂θ +(~/2)σz provides a good quantum number,
labeled by a half-integer mj ∈ {±1/2,±3/2, ...}, which
can be used to characterize the bound states. In this way
the equation is reduced to a set of 1D radial equations,
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FIG. 2: Two-dimensional topologically protected bound
states. (a) A 2D topological insulator with a hole of radius
R at the center. (b)-(c), Energies (E in units of the band
gap ∆) of in-gap bound states circulating around the hole
as functions of the hole radius. mj is the quantum num-
ber for z-component of total angular momentum of the cir-
culating bound states. In (b), m = v = B = ~ = 1 and
∆ =
√
3 in (c), mv2 = −10 meV, B~2 = −686 meV·nm2, and
~v = 364.5 meV·nm, ∆ = 20meV, adopted from Ref. [21];
in (d), mv2 = 0.126 eV, B~2 = 21.8 eVA˚2, ~v = 0.294 eVA˚,
∆ = 0.252eV, adopted from Ref. [30].
which can be solved exactly. The trial wave function has
the form (ψ1, ψ2)
Teλr. The secular equations of the in-
determinate coefficients (ψ1, ψ2)
T give four roots of λn
(= ±λ1,±λ2) in terms of the energy E,
λ21,2 =
v2
2B2~2
[1− 2mB±
√
1− 4mB + 4B2E2/v4]. (4)
Using the boundary conditions at r = R and r = +∞
we finally arrive at the transcendental equation for the
bound state energies
λ21 +
mv2−E
B~2
λ1
Kmj+ 12 (λ1R)
Kmj− 12 (λ1R)
=
λ22 +
mv2−E
B~2
λ2
Kmj+ 12 (λ2R)
Kmj− 12 (λ2R)
,
(5)
and the wavefunction Ψmj(r, θ) for h+ turns out to have
the form
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3where Kn(x) is the modified Bessel function of second
kind.
In Fig. 2 (b)-(d), we show the bound-state energies
as functions of R for an ideal case [(b), mB = 1], for
the HgTe quantum well (mB = 0.05)[21], and for a 2
quintuple layer thick Bi2Se3 thin film (mB = 0.32)[30].
For a macroscopically large R, we found an approxi-
mated solution for the energy spectrum of h+ as E =
mj~vsgn(B)/R. As the time-reversal copy of h+, h− has
an approximated spectrum E = −mj~vsgn(B)/R. They
form a series of paired helical edge states, in good agree-
ment with the edge-state solutions in a 2D quantum spin
Hall system [31] if we take k = mj/R for a large R.
When shrinking R, the energy separation of these edge
state ∆E = ±~v /R increases with decreasing R, and
the edge states with higher mj will be pushed out of
the energy gap gradually. However, we observe that for
mB > 0 two pairs of states for mj = ±1/2 always stay
in the energy gap, and as R→ 0 their energies approach
to E = ±(v2/2|B|)√4mB − 1 for mB > 1/2 or ±mv2
for 0 < mB < 1/2. The solutions demonstrate the for-
mation of the in-gap bound states as illustrated in Fig.
1. Therefore considering the symmetry between h+ and
h− we conclude that there always exist at least two de-
generated pairs of bound states in the energy gap in 2D
quantum spin Hall system in the presence of vacancy.
The mechanism of the formation of the in-gap bound
states is applicable to 3D topological insulators.[23, 32]
In 3D, the modified Dirac equation with a central po-
tential becomes a classical problem, the hydrogen atom-
like problem. For the Coulomb potential, it was exactly
solved to give the fine structure of light spectra of hydro-
gen atom. Similarly, the eigenstates of the 3D modified
Dirac equation with a central potential can be labeled by
three good quantum numbers. The first two are the total
angular momentum Jˆ = rˆ× pˆ+ ~2 Σˆ and its z-component
Jˆz, where the spin operator Σˆα = σ0 ⊗ σα (α = x, y, z).
The eigenvalues of Jˆ2 and Jˆz are j(j + 1)~
2 and mj~,
respectively, with j ∈ { 12 , 32 , · · · } and mj ∈ {−j, · · · , j}.
The third conserved quantity is the spin-orbit operator
κˆ = β(rˆ × pˆ · Σˆ + ~). Note that κˆ2 = Jˆ2 + ~2/4, then
the eigenvalues of κˆ is ~κ = ±~(j +1/2) = ±~, ±2~, · · · .
Thus κ here is similar to the ± index in 2D that sep-
arate the hamiltonian into h±. These conserved quan-
tities also help to reduce the problem into a set of 1D
radial equations.[33] In the presence of the vacancy or
a cavity of radius R with the boundary conditions at
Ψ(R) = Ψ(∞) = 0, the radial part of the wave function
can be solved in terms of the modified spherical Bessel
function of the second kind kn(x). With the help of the
recursion relation of kn(x), the transcendental equations
for the bound state energies can be found as
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for κ = j+ 12 and −(j+ 12 ), respectively. The correspond-
ing wavefunction Ψ
mj
j,κ(r, θ, φ) are of the form
Ψ
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and Y mj (θ, ϕ) is the spherical harmonics. φ
A
j,mj and φ
B
j,mj
possess opposite parities.
Although the rotational symmetry simplifies the prob-
lem, it is believed that the presence of the bound states
is not sensitive to the shape of the vacancy, because of
their topological origin. As an example we choose a set
of parameters based on first principles calculations for
Bi2Se3 by ignoring the anisotropy, where mv
2 = 0.28eV ,
~v = 3.2eVA˚, and B = 33eVA˚2. In this case mB ∼
1 > 1/2. Similar to the 2D case, we find that the sur-
face states around the cavity exist for a large radius R
as expected by the bulk-boundary correspondence for a
Z2 invariant topological insulators[29]. The states with
larger orbital angular momentum are eventually expelled
into the bulk band while the radius is shrinking. We
plot several bound state energies of small orbital angular
momenta as a function of the radius R in Fig. 3. For con-
venience, the bound states are labeled by the quantum
number κ for the spin-orbit operator. Each κ corresponds
to (2j + 1)-fold degenerate states of different mj . Note
that when the vacancy radius is only several angstroms,
two degenerate pairs of bound-state energies can survive.
Detailed analysis of the solution indicates that the spa-
tial distribution of a bound state is comparable with that
of the edge or surface states (for a large R in the present
case), which are determined by the model parameters and
slightly depends on R. From the evolution of the edge
or surface states into the in-gap bound states, we think
their formation have the same topological origin. Thus
these in-gap bound states are also protected topologically
as the edge or surface states.
Now we come to address possible implication of these
solutions to topological insulators. Due to the overlap-
ping in energy, when the vacancies or defects are lo-
cated close to the boundary, the induced in-gap bound
states may sabotage the electronic transport through the
boundary states. When the wave functions of the in-gap
bound state and the edge or surface states overlaps in
the space, the distortion of the wave functions of these
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FIG. 3: Three-dimensional topologically protected bound
states. Energies (E in units of the band gap ∆) of in-
gap bound states covering a vacancy in a 3D topological
insulator as functions of the vacancy radius R. κ is the
quantum number of the spin-orbit operator. Parameters:
mv
2 = 0.28eV, ~v = 3.2eVA˚, andB~2 = 33eVA˚2. mB = 0.90
and ∆ = 0.50eV.
states due to the boundary conditions will cause the en-
ergy change in these states. As a result, we may also
regard that there exists a transition amplitude between
these states. For example, in the 2D quantum spin Hall
system, there exists a pair of helical edge states with a
linear dispersion, Ek,± = ±~vk. Consider a vacancy or
defect appears near the boundary. The effective model
for a pair of helical edge states in the presence of the
defect states has the form,
H =
∑
k,σ=±
~vkσc†kσckσ+
∑
n
ǫnd
†
ndn+
∑
k,σ,n
(T nkσc
†
kσdn+h.c.)
where c†kσ and ckσ are the creation and annihilation oper-
ators of edge states and d†n and dn are for the nth in-gap
bound states with the energy ǫn. The resulting disper-
sions for the edge states are no longer linear in the mo-
mentum, and open energy gaps ∆E = 2 |T nkσ| at the res-
onant point ǫn = ~vkσ. T
n
kσ is a function of the relative
position between the defect or vacancy and the boundary.
In the HgTe/CdTe quantum wells, a typical size of the
edge states and bound states is about 50 - 100 nm. The
energy gap opening here is not caused by breaking the
time reversal symmetry. The mechanism is similar to the
finite size effect in the quantum spin Hall system, where
the overlap of the edge states living on opposite edges
causes an energy gap[31]. In that case the energy split-
ting is about 0.5 meV for a strip system with a width of
200 nm. The effect is large enough to be measured exper-
imentally. This may help to understand why the non-zero
conductance is narrowed to a small region of gate voltage
in the HgTe/CdTe quantum wells[22]. The in-gap bound
states may also be one of the possible mechanisms for the
low mobility in 3D topological insulators.
However, blessings usually come in disguise. The whole
semiconductor business depends on how the positive and
negative effects of impurities and vacancies are precisely
balanced. The topologically-protected bound states for
sure are essentially different from those we know before,
as they are subjected to some topological nature and con-
fined to a mesoscopic scale. Their possible impact and
applications for topological insulators in future deserve
further studies to explore.
Acknowledgements: We would like to thank T. K.
Ng for stimulating our interest on this topic. This work
was supported by the Research Grant Council under
Grant No. HKU 7051/10P and HKUST3/CRF/09.
[1] J. E. Moore, Nature 464, 194 (2010).
[2] C. L. Kane and E. J. Mele, Phys. Rev. Lett. 95, 146802
(2005).
[3] L. Fu and C. L. Kane, Phys. Rev. B 74, 195312 (2006).
[4] J. E. Moore and L. Balents, Phys. Rev. B 75, 121306(R)
(2007).
[5] T. Fukui, T. Fujiwara, and Y. Hatsugai, J. Phys. Soc.
Jpn. 77 123705 (2008).
[6] X. L. Qi, T. L. Hughes, and S. C. Zhang, Phys. Rev. B
78, 195424 (2008).
[7] R. Roy, Phys. Rev. B 79, 195321 (2009).
[8] C. Wu, B. A. Bernevig, and S. C. Zhang, Phys. Rev. Lett.
96, 106401 (2006).
[9] C. Xu and J. E. Moore, Phys. Rev. B 73, 045322 (2006).
[10] W. C. Lee, C. Wu, D. P. Arovas, and S. C. Zhang, Phys.
Rev. B 80, 245439 (2009).
[11] X. Zhou, C. Fang, W. F. Tsai, and J. P. Hu, Phys. Rev.
B 80, 245317 (2009).
[12] H. M. Guo and M. Franz, Phys. Rev. B 81, 041102(R)
(2010).
[13] Q. H. Wang, D. Wang, and F. C. Zhang, Phys. Rev. B
81, 035104 (2010).
[14] R. R. Biswas and A. V. Balatsky, Phys. Rev. B 81,
233405 (2010).
[15] L. Yu, Acta. Phys. Sin. 21, 75 (1965).
[16] H. Shiba, Prog. Theor. Phys. 40, 435 (1968).
[17] A. V. Balatsky, I. Vekhter, and J. X. Zhu, Rev. Mod.
Phys. 78, 373 (2006).
[18] G. E. Volovik, The Universe in a Helium Droplet,
(Clarendon Press, Oxford 2003).
[19] J. C. Y. Teo and C. L. Kane, Phys. Rev. B 82, 115120
(2010).
[20] C. L. Kane and E. J. Mele, Phys. Rev. Lett. 95, 226801
(2005).
[21] B. A. Bernevig, T. L. Hughes, and S. C. Zhang, Science
314, 1757 (2006).
[22] M. Ko¨nig, S. Wiedmann, C. Bru¨ne, A. Roth, H. Buh-
mann, L. W. Molenkamp, X. L. Qi, and S. C. Zhang,
Science 318, 766 (2007).
[23] H. J. Zhang, C. X. Liu, X. L. Qi, X. Dai, Z. Fang, and
S. C. Zhang, Nat. Phys. 5, 438 (2009).
[24] H. Z. Lu, W. Y. Shan, W. Yao, Q. Niu, and S.-Q. Shen,
Phys. Rev. B 81, 115407 (2010).
[25] W. Y. Shan, H. Z. Lu, and S. Q. Shen, New J. Phys. 12,
043048 (2010).
[26] G. E. Volovik, JETP Lett. 91, 55 (2010)
[27] S. Q. Shen, W. Y. Shan and Hai-Zhou Lu, arXiv.
51009.5502
[28] X. L. Qi, Y. S. Wu, and S. C. Zhang, Phys. Rev. B 74,
045125 (2006).
[29] L. Fu and C. L. Kane, Phys. Rev. Lett. 76, 045302 (2007).
[30] Y. Zhang, K. He, C. Z. Chang, C. L. Song, L. L. Wang,
X. Chen, J. F. Jia, Z. Fang, X. Dai, W. Y. Shan, S. Q.
Shen, Q. Niu, X. L. Qi, S.-C. Zhang, X. C. Ma, and Q.
K. Xue, Nat. Phys. 6, 584 (2010).
[31] B. Zhou, H. Z. Lu, R. L. Chu, S. Q. Shen, and Q. Niu,
Phys. Rev. Lett. 101, 246807 (2008).
[32] Y. Xia, D. Qian, D. Hsieh, L. Wray, A. Pal, H. Lin, A.
Bansil, D. Grauer, Y. S. Hor, R. J. Cava, and M. Z.
Hasan, Nat. Phys. 5, 398 (2009).
[33] J. D. Bjorken and S. D. Drell, Relativistic quantum me-
chanics (McGraw-Hill, 1964).
